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Some Applications of Power Spectra to Airplane
Turbulence Problems
ROY STEINER* AND KERMIT PRATTJ

NASA Langley Research Center, Hampton, Va.

Some of the elements of power spectral density (PSD) methods as applied to the prediction
of airplane responses to continuous turbulence are briefly surveyed and are illustrated by
some results of both experimental and analytical studies. Included are the descriptions of
the turbulence spectra, the airplane frequency-response functions, and the airplane responses.
Examples of frequency-response functions determined from calculations, flight tests, and
wind-tunnel tests are presented, and the wind-tunnel test technique is described. Also
presented is an example of the application of the flight-simulation approach to problems for
which PSD methods are not suitable. The results of fatigue tests featuring random loadings
having different spectral shapes are reviewed.

I. Introduction

THE treatment of the airplane response to atmospheric
turbulence is becoming more closely associated with

power spectral density (PSD) techniques. This evolution
has occurred over the past 15 years and is probably due
generally to two factors. First, the description of atmospheric
turbulence as a continuous random function is more realistic
and has a more general application in estimating the loads
and motions of an airplane in turbulence than the discrete
gust method. Second, as airplane designs have evolved,
the structures have become progressively more flexible and
have been characterized by more readily excitable and poorly
damped modes of vibration. The full potential of the power
spectral density procedure has not been fully realized, how-
ever, and further research is required for its development.
Nevertheless, in its present form the technique appears to
be the best available for gust load prediction and there are
indications that it will be used for airplane design in the near
future.

In the application of power spectral density techniques,
there are three general fields of interest: the definition of
the input or the atmospheric turbulence, the definition of the
structural response to a disturbance or the frequency-response
function, and the definition of a given output or response.
The interpretation of response includes the effect of the re-
sponse on materials or human beings.

In this paper, these elements of PSD analysis are briefly
surveyed and illustrated by some results of both experimental
and analytical studies conducted by the NASA, primarily
at the Langley Research Center. The survey includes a
description of the turbulence in both a random time function
and spectrum form. Some frequency-response functions of
airplanes based on calculations, flight investigations, and
wind-tunnel tests are presented, and the technique used in
the wind tunnel is described. Also presented is an example
of a problem for which PSD analysis is not suitable. This
problem is the effect of turbulence on the deep stall character-
istics of a T-tail airplane and was studied by simulating both
the flight of the airplane and the turbulence as a random time
function. The paper is concluded with a discussion of the
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results of fatigue tests featuring random loadings having
different spectral shapes,

II. Elements of PSD Analysis

The value of the power spectral density analysis (or gen-
eralized harmonic analysis) lies in its ability to relate the
statistical descriptions of random airplane responses and
atmospheric turbulence by means of a nonstatistical descrip-
tion of the airplane dynamics and without having to analyze
the random time function. The theory has been developed
for linear systems and for stationary random processes;
that is, processes for which the statistical parameters are in-
variant with time. Individual patches of turbulence fulfill
these requirements of stationarity sufficiently so that general-
ized harmonic techniques may be applied to individual turbu-
lent areas. These turbulent areas extend over 10-30 miles
in length for convective activity and up to 50 or more miles
for large air mass flows. The theory for the individual
patches has then been extended to determine the statistical
responses to the over-all flight experience.

Generally, the treatment of the airplane turbulence prob-
lem has been based on the concept of a one-dimensional
turbulence model. In such a model the effects of spanwise
variations in turbulence velocities are assumed to be neg-
ligible. A summary of the theoretical considerations in the
application of PSD to the turbulence problem may be found
in Ref. 1. Listed below are a few fundamental equations
relating to this problem.

For the response to individual turbulent areas, the input-
output relation is

where </>j/(oo) is the output or response spectrum, $w(eo) is the
input or turbulence spectrum, and |#(co)| is the airplane
frequency-response function; that is, the response to a one-
dimensional, sinusoidal gust field.

The frequency-response function may also be expressed in
terms of the cross spectrum <t>wy in the form

(la)

The spectrum can be expressed as the Fourier transform of a
statistical quantity, the autocorrelation function R(r)

= — f
IT J 0

cos(r)dr (2)
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where

R(r) = lim r}dr (3)

where in turn f(t) is a random time history, T is a time limit,
and r is the time lag. For short samples the rms value is

(4)

and the average number of peaks per unit time that exceed
level y is given by

N(y) « NQ exp -
where

(5)

(6)

and where A^ is the average number of zero crossings with
positive slope per unit time of response quantity, y is the
response quantity, and A is an airplane response parameter
equal to (rv/<rw. For the over-all turbulence experience (or
for continuous variation in aw) Eq. (5) takes the form

(7)

where p(aw) is the probability density function of aw. In
practice, values of aw and p(<rw) are determined from response
measurements during routine operations of various airplanes.
In the following sections, the components in Eq. (1) are con-
sidered in some detail.

Turbulence Spectra

Approximately 15 years ago, the first attempts were made
to describe atmospheric turbulence as a continuous random
function and to reduce this representation to a spectral
form.2"4 Since the time of these measurements of low-
altitude turbulence, additional measurements have been
made in cumulus clouds and in severe thunderstorms.5 In
these investigations, from one to three components of the
true air velocities were determined from airplane flight tests.

Typical time histories of the vertical component of true gust
velocities are shown in Fig. 1 for three intensities of turbu-
lence. These intensities are typical for nonstorm or clear-air
turbulence, cumulus clouds, and thunderstorms. The time
histories were evaluated by use of the relation

wg = Va - V6 + fadt + L6

where wg is the vertical component of true turbulence veloci-
ties, V is true airspeed, a is the angle of attack from vane, 6
is the airplane pitch angle, az is the airplane vertical accelera-
tion, lx is the longitudinal distance from vane to accelerome-
ter, and 6 is the airplane pitching velocity. The maximum
gust velocities vary from 10 fps for the nonstorm time
history to 100 fps or more for the thunderstorm turbulence.

Each of the three time histories in Fig. 1 is random in na-
ture and the more intense turbulence, the top trace, appears
to contain a larger proportion of power in the long wave-
lengths. Power spectral densities calculated from the three
time histories by use of Eq. (2) are similar in shape, as shown
in Fig. 2. (Longer samples were analyzed in each case than
shown in Fig. 1.) The power decreases uniformly with an
increase in frequency, and in these cases the power decreases
proportionally to a negative -f power of the frequency. The
spectra are displaced uniformly as indicated by the differences
in the rms eust velocities.
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Fig. 2 Representative spectra of atmospheric turbulence
for three meteorological conditions.
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airplane.

The spectra of atmospheric turbulence is normally defined
by experimental methods in the wavelength range from 5000
to 10,000 ft as the upper limit down to a wavelength of 50 to
100 ft. The slope and shape of the complete spectrum for
wavelengths both above and below these values have been a
subject of controversy almost from the time the first spec-
trum was evaluated. Even in the range defined by experi-
ment, the experimenters report slopes from at least — f to
— 3. Some investigators also report a hump in the spectra
(representing the power in standing waves which decay to
produce the energy in the shorter wavelengths covered by
the spectrum).

It is generally agreed that the power is nearly constant or
that the spectra are flat for the very long wavelengths. It
is not agreed, however, at what wavelength this change in
slope or the knee of the curve exists. These questions are a
few of the ones which still remain concerning the description
of the input or, in this case, the atmospheric turbulence.

Airplane Frequency Response

The frequency-response function relates the input and the
output spectra and is the response due to a sinusoidal gust
of varying frequency. It contains the dynamic effects of
the various degrees of freedom of the airplane. Three
methods have been studied for determining the frequency-
response function. These methods are calculations, experi-
mental determination by use of full-scale vehicle, and the
experimental determination by use of an aeroelastically scaled
model in a specially equipped wind tunnel. The full-scale
experimental results may be used to assess the degree of
complexity required to represent the dynamics of the airplane
for analytical investigations and the adequacy of the design.
Both the analytical method and the wind-tunnel or model
method may be used in the design of the vehicle. The results
of these methods will be reviewed with the major emphasis
being given to the flutter model method because of its more
recent entrance into the field.

Large flexible airplane

The results of analytical and full-scale flight test investi-
gations of the frequency-response function for wing bending
strain at the 60% semispan of a large swept-wing airplane
are shown in Fig. 3. The flight test was conducted at a
Mach number of 0.58 at an altitude of 5000 ft in clear-air
turbulence. The experimental frequency-response functions
were obtained by the cross-spectra relation [see Eq. (la)].
The analytical method and complete results are given in Ref.

6. The calculated frequency-response functions were based
on the five degrees of freedom: 1) rigid-body vertical trans-
lation, 2) rigid-body pitching, 3) first cantilever wind bending
mode, 4) first cantilever wing torsion mode, and 5) the first
vertical bending mode of the fuselage as a cantilever beam aft
of the center of gravity. The solid curve in Fig. 3 represents
the five degrees of freedom or flexible dynamic cases in which
the wing bending strain is plotted against frequency in cycles
per second. In order to make a comparison between the
calculated loads and the measured strains, the strains were
normalized by dividing by the strains per g measured in a slow
pullup maneuver. Thus, the normalized results have the
units of acceleration. The additional curves are based on
fewer degrees of freedom or conditions, as indicated in Fig. 3.
First to be noted is a considerable loss in accuracy in the
region of the short-period frequency (approximately 0.5
cps) when the rigid-body pitch mode is neglected; secondly,
the static and dynamic aeroelastic effects of the wing bending
mode are considerable as indicated by the large calculated
and experimental results which peak at approximately 1.6
cps. These results were some of the first to indicate that an
adequate analysis of loads and motions on large flexible air-
planes in continuous turbulence could no longer be estimated
satisfactorily by using a rigid-body analysis. Some current
unpublished data for other airplanes indicate that the ac-
curacy of methods of response calculations involving higher
modes of structures needs improving.

Delta-wing fighter

The type of investigation just presented was later applied
to a supersonic fighter airplane which featured a delta wing
and a pitch damping device. In the flight investigation,1
flights were made through thunderstorms at a Mach number
of 1.3 at 30,000 ft altitude and at a Mach number of 0.92 at
an altitude of 35,000 ft. Experimental frequency response
was based, in this case, on rigid-body vertical translation and
pitching motion only, reflecting the compact and stiff char-
acteristics of the airplane. Some examples of experimental
and calculated frequency-response functions for acceleration
at the center of gravity and for pitching velocity for both the
supersonic and the subsonic speeds are presented in Fig. 4.
Calculated results are given for pitch damper both on and
off. Both conditions were considered because examination
of the flight records indicated that the damper saturated
during the flights, that is, elevon deflections in excess of the
mechanical limits were commanded by pitch rate but were
not realized. The effective damping, therefore, lies some-
where between the values for an inoperative and a fully
effective automatic damper. The experimental and calcu-
lated functions agree well for the supersonic flight condi-
tions. The agreement is good at the high and low fre-
quencies. The frequency at which the curves peak agrees
well and the experimental results lie between the two calcu-
lated damping conditions. The functions for the subsonic
conditions shown in Fig. 4 do not agree quite as well.

Frequency-response functions from wind-tunnel tests

A more recently developed method of determining the
frequency-response function consists of measuring the re-
sponse of an aeroelastically scaled (flutter) model in simulated
free flight through a sinusoidal gust field in a wind tunnel.7
The apparatus used to generate a nearly one-dimensional gust
field in the test section in Langley's Transonic Dynamics
Tunnel is shown schematically in Fig. 5. A set of biplane
vanes is located on each wall in the converging subsonic
portion of the entrance nozzle of the tunnel. The vanes are
3.5 ft in span and have a taper ratio of 0.5 and a panel aspect
ratio of 1.2. The two vanes of a biplane set are mechanically
inked, and each vane is oscillated about its quarter chord by
means of hydraulic motors driving a large flywheel with an
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offset linkage. Each set of biplanes is driven independently,
and control and synchronization are maintained by electronic
controls.

The oscillator system was designed for long-duration
operation at vane amplitudes from 3° to 12° and at fre-
quencies up to 20 cps. Currently, operation is power-
limited as a result of the power absorbed by aerodynamic
damping of the vanes. This power limitation gives a fre-
quency limit as a combination of vane angles and dynamic
pressure. For 20-cps operation, the dynamic pressure varies
from about 60 lb/ft2 at 12° vane amplitude to about 350 lb/
ft2 at 3° vane amplitude. This latter value is near the
maximum dynamic pressure capability of the tunnel in the
transonic Mach number range.

Airstream calibrations indicate that the gust velocity is
nearly constant in the lateral direction over a distance suffi-
cient for testing a 6-ft-span model. Free flight of the model
is simulated by suspending the model in the tunnel test sec-
tion by cables in such a manner that distortions of the short
period and Dutch roll modes are minimized.

Some initial tests were made with a flexible model in order
to develop instrumentation, testing, and data reduction
techniques; to investigate model flying qualities in such a
gust field; and to determine if adequate excitation was
available. The model was designed originally for generalized
flutter research.

A comparison of the measured center-of-gravity accelera-
tion response with the calculated response is shown in Fig. 6
for a Mach number of 1.0. The results are presented in non-
dimensional form where the ordinate is the ratio of the normal
force coefficient Cn to the stream angle eg. These values are
plotted against the reduced frequency k. Good definition
of the response function was obtained near the short-period
mode (k of 0.021) and the presence of an oscillatory plunging
mode (k of 0.007) due to the cable constraint was indicated.

The agreement between the experimental and calculated
results is only fair. Such a result is in part due to the sta-
bility derivatives used in the calculations. They were esti-
mated from static force tests of a similar model which differed
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RAD/SEC

VERTICAL
ACCELERATION,

FT/SEC2

FT/SEC

a) M = 1.3, altitude = 30,000 ft

Fig. 5 Vanes and model in the Langley transonic dy-
namic tunnel showing cutaway of mechanism.

somewhat in flexibility level and fuselage shape from the model
tested in the gust field. The model for the force tests also
had large engine inlets and internal ducting which were not
present in the model used on the dynamic response tests.

From these initial developmental tests of the airstream
oscillator, it appears that a means of generating an oscillating
airstream of sufficient strength and uniformity has been
developed for gust research. Also, a satisfactory means of
mounting the model to simulate the free-flight stability
modes is available.

III. Application of Spectra to Design

The prediction of airplane motions and loads due to flight
in the continuous turbulence of the atmosphere requires
that the turbulence spectrum be combined with the airplane
frequency responses to obtain response power spectra as
indicated by Eq. (1). These spectra, in turn, provide some
of the statistical parameters as given by Eqs. (4-7) that are
needed to describe the predicted load experience of the
airplane.

Efforts to develop this procedure to be a generally accept-
able part of airplane design methods have been made for
many years and are now being pursued intensively. A re-
cent work is described in Refs. 8 and 9, which present the re-
sults of a study by the Lockheed-California Company and
the Boeing Company with regard to civil airplanes. A similar
study has been made for military airplanes by Dr. J. C.
Houbolt of Aeronautical Research Associates of Princeton.10

IV. Time Function Studies

As was mentioned earlier, potentially the power spectral
method provides statistical parameters for predicting the
motions and loads for some airplane designs without requir-
ing an analysis of random time functions of the responses.
However, there are some problems which by their nature

per deg

b) M = 0.92, altitude = 35,000 ft

Fig. 4 Frequency responses for delta-wing fighter
airplane.

Fig. 6 Comparison of measured and calculated accelera-
tion response for the center of gravity of fighter-type

airplane model at M = 1.0.



364 R. STEINER AND K. PRATT J. AIRCRAFT

VERTICAL '^
GUST 80

VELOCITY,
ft/sec

(FULL SCALE)

(ACm)(Aa), deg

0 20 40 60 80
PERCENT FULL-SCALE TURBULENCE AMPLITUDE

Fig. 7 Boundary for protection against deep stall in
turbulence.

cannot be treated by PSD methods, and random time func-
tion studies, therefore, must be employed. Such studies
also must be made in order to establish the basic functions
used in PSD analysis. For example, time function studies
were needed to establish the shape of the turbulence spectra
and the variations of N(y)/N0 with y/A [see Eq. (7)] which
reflect the nonstationarity of the random turbulence experi-
enced by airplanes during long periods of service. Two other
more recent examples are described in the following section.

Simulation Study

A class of problems for which power spectral analyses are
not suitable involves airplane responses which are not
linearly related to disturbances. In such cases, the behavior
of the airplane is often simulated by an analog computer
program which provides motion and load responses from
solutions of the nonlinear equations of motion. The effect of
flight through atmospheric turbulence is simulated by pro-
viding an independent input to the computer through which
random time functions representative of gust velocities are
introduced. Flight simulators may or may not include
human response in the system as, for example, pilot control
inputs. Although simulator studies have been made at the
Langley Research Center, the study to be described herein
is the documented investigation11 made at the NASA Flight
Research Center to determine the effectiveness of a particular
technique to reduce the probability of an inadvertent deep
stall of a T-tail airplane in flight through turbulence. The
simulation computer program included the nonlinear vari-
ation of pitching moment coefficient with angle of attack
which is characteristic of the T-tail airplane. The effects
of a human pilot were not included. The technique of re-
ducing the stall probability consists of providing a sharp in-
crease in the static longitudinal stability ACra/Acx immedi-
ately preceding the pitch-up region of angle of attack as indi-
cated in the insert sketch in Fig. 7.

The effects of a number of combinations of values of ACra
and A a were evaluated from the results of the following test
procedure. For each combination of ACra and Aa the air-
plane was trimmed at the "knee" of the curve and a series
of simulated flights were made through a single random time
function of vertical gust velocity. This function was ob-
tained from an actual flight through a thunderstorm. A
short sample is shown at the top of Fig. 7. A small fraction
of the intensity indicated was used for the initial simulated
flight in each series. The intensity (gain) of the gust input
was then progressively increased for the subsequent flights
until the airplane pitched-up and exceeded the angle of
attack corresponding to the minimum value of Cm. It was
empirically found that the effects of the variations of ACra and
Aa could be best described by the product (ACra) X (Aa).
The results of the tests are summarized in Fig. 7 by the

boundary line between no pitch-up and pitch-up conditions.
The boundary is based on the smallest values of (ACm)(Aa)
for which pitch-up is avoided while flying in the given gust
time function for various percentages of the maximum in-
tensity of the function. The results show that if a pitching
moment characteristic represented by larger values of (ACm)-
(Aa) could be devised, then larger intensities of turbulence
could be encountered without getting into a pitch-up, It is
of interest to note that the critical part of the turbulence time
function that triggered pitch-ups most frequently was the
sustained updraft indicated in Fig. 7.

V. Fatigue Failure Investigations

Another example of a problem requiring the use of random
time functions rather than spectra is the fatigue life of struc-
tures under random loads. This, unlike the preceding ex-
ample, is directly related to power spectral analysis and may
be regarded as in the same class of problems as the analysis
of random time functions to establish the shape of gust
spectra. What is needed is a relation between the fatigue
life of the structure and some of the statistical parameters
that can be determined from a PSD analysis.

In order to obtain some information on the possibility of
such a relation, a number of aluminum allo}' specimens were
loaded axially by random forces with stationary and Gaussian
characteristics and a zero mean value.12 Three sets of tests
were run, each having a different power spectrum of the
nominal applied stress. The shapes of the spectra were
chosen to be appreciably different and as shown in Fig. 8
were ^i(co) = Kitc~2, 02(w) = K%uP, fa(co) = Xsco2 within a
pass band of frequencies. These shapes, of course, are not
representative of those which are usually experienced by
structures in service.

In each of the three sets of tests, a series of specimens was
subjected to loads having various rms levels and were tested
until rupture occurred. An additional set of tests was made
using sinusoidal loadings of various magnitudes to obtain
results for comparison with those from the random load
tests.

The test specimens were turned from 2024-T4 aluminum
alloy with a circular cross section of 0.500-in. diameter and
had a theoretical stress concentration factor of 2.2. The
loading machine was equipped with a load cell and was
driven by a signal from a random noise generator. Suitable
filters provided the desired spectral shapes.

During each test, sample time histories of force were re-
corded and analyzed to verify that the loading function
possessed the desired qualities of stationarity and normality
of distribution; that the average number of zero crossings
and the average number of peaks per sec agreed with theo-
retical values; and that the rms stress was at the desired
level.
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Fig. 8 Selected spectra for fatigue testing.
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Fig. 9 Random fatigue tests of 2024-T4 aluminum-
alloy specimens.

Some of the results of these tests are shown in Fig. 9
wherein the rms applied nominal stress is presented as a func-
tion of the fatigue life expressed as the number of effective
cycles (the product of the average number of zero crossings
with positive slope per sec and the time of rupture). Since
the data grouped about the faired dashed curve, it is indi-
cated that neither the large variations in spectral shape nor the
smaller variations in the zero crossings (43-67 per sec) had
an appreciable effect on the fatigue life. The results from
the random loadings would indicate, therefore, that the only
significant parameter of those considered is the rms stress
value. A comparison of the results of sinusoidal and random
loads shows that the fatigue strength for random loads is
considerably less than that for sinusoidal loads.

VI. Concluding Remarks

Some of the elements of power spectral density procedures
as applied to the prediction of airplane responses to con-
tinuous turbulence have been briefly summarized and illus-
trated by some results of both experimental and analytical
studies. Included were descriptions of the turbulence,
the frequency-response functions, and the airplane responses.
Although the full potential of power spectral density pro-

cedures has not been developed, applications of the tech-
niques are gaining wider acceptance.
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